ABSTRACT. A lattice path matroid is a transversal matroid for which some collection of incomparable intervals in some linear order on the ground set is a presentation. We characterize the minor-closed class of lattice path matroids by its excluded minors.
INTRODUCTION
Among transversal matroids, it is natural to consider those for which some presentations have special structure. We consider transversal matroids for which at least one presentation consists of intervals in some linear order on the ground set and no interval contains another; this gives the class L of lattice path matroids. Unlike the class of all transversal matroids, if a matroid is in L, then so are its minors. A major theme in matroid theory is characterizing minor-closed classes of matroids by their excluded minors, that is, by the minor-minimal matroids that are not in the class; we give such a characterization of L. After a section of background, this result and its proof occupy the rest of the paper.
We briefly sketch this research area. Nested matroids, the minor-closed subclass of L whose members have presentations that are chains of intervals in linear orders, have been introduced many times and under many names (see [2] ), apparently first by H. Crapo [4] .
The class L is closed under minors [2, Theorem 3.1] . Furthermore, given a path order of M ∈ L and a minor N of M , the induced order on E(N ) is a path order. Thus, if x ∈ E(N ) is a terminal element of M , then x is a terminal element of N .
The next proposition gives the interval presentation of a single-element contraction. We first note that if a presentation A is as given above, then the sets in A that contain a particular non-loop y are successive intervals J s , J s+1 , . . . , J t for some s and t. The following lemma recasts [1, Theorem 3.3] . Proof. The bases of M/y are the sets B ⊆ E(M ) − y for which B ∪ y is a basis of M , so we are claiming that B ∪ y is a transversal of A if and only if B is a transversal of A ′ . The case s = t is immediate, so assume s < t. Let B = {x 1 , x 2 , . . . , x r−1 } with x 1 < x 2 < · · · < x k < y < x k+1 < · · · < x r−1 . By Lemma 2.7, if B ∪ y is a transversal of A, then (a) x i ∈ J i for 1 ≤ i ≤ k, (b) y ∈ J k+1 , and (c) x i ∈ J i+1 for k + 1 ≤ i ≤ r − 1. Thus, x i ∈ J ′ i for s ≤ i < t, so B is a transversal of A ′ . The converse follows with a similar argument upon noting that if x i < y and x i ∈ J ′ h , then x i ∈ J h (note that [a h+1 , y] [a h , y]); likewise, if y < x i and x i ∈ J ′ h , then x i ∈ J h+1 ; thus, y can represent J k+1 . The last assertion is immediate.
Given a presentation A of a transversal matroid M , we get a presentation of M \e from A by removing e from all sets. For M ∈ L, some adjustment may be needed so that the presentation of M \e is an antichain; for our work, it suffices to treat this when e is not a loop and e is either the least element, e 1 , or the greatest element, e n . If J 1 = {e 1 }, then (J 2 , J 3 , . . . , J r ) is the interval presentation of M \e 1 for the induced path order. If {e 1 } J 1 , then (J 1 − e 1 , J 2 − e 2 , . . . , J r − e r ) is the interval presentation of M \e 1 since, by Lemma 2.7, e i , the (i − 1)-st element of E(M \e 1 ), is not needed in the i-th set; note that, in this case, if e i ∈ J i with 1 < i ≤ r, then e i is the lower endpoint of J i−1 − e i−1 . The interval presentation of M \e n is obtained similarly. The next result recasts [2, Theorem 5.3] . For a path order e 1 < e 2 < · · · < e n of M , the predecessor function p : E(M ) − e 1 → E(M ) − e n and successor function s : E(M ) − e n → E(M ) − e 1 are defined by p(e i ) = e i−1 and s(e i ) = e i+1 . The following result [2, Theorem 5.10] characterizing connected lattice path matroids plays a key role in our work. We use η for the nullity function: η(X) = |X| − r(X).
Proposition 2.13. A connected matroid M is in L if and only if the properties below hold.
(i) The fundamental flats of M form at most two disjoint chains under inclusion, say
Note that property (ii) precludes any inclusion among any fundamental flats F i and G j .
Corollary 2.14. The fundamental flats of a connected matroid in L are its irreducible pnc-flats.
The following result is a mild but useful extension of [2, Theorem 3.3].
Proposition 2.16. Let M ∈ L be connected and nontrivial. Fix an interval presentation
. . , b r } is a transversal of A and hence a basis of M , so C is a spanning circuit.
Note that M \x is connected if some spanning circuit of M does not contain x. This applies if x ∈ F 1 −{a 1 , a 2 , . . . , a r } where F 1 is the smallest fundamental flat that contains the least element e 1 . If all pairs of incomparable fundamental flats of M are disjoint, then, by Proposition 2.12, the automorphism group of M is transitive on F 1 . These observations give the following result. We will often use the following observations along with Proposition 2.16. If M is connected and y is in the spanning circuit C of M , then C − y is a spanning circuit of M/y. Thus, if, in addition, cl(y) = {y}, then M/y is connected. [2] ). Let C be the class of these matroids. A connected matroid in L is nested if and only if its fundamental flats form a chain. The following related result is essentially Lemma 2 of [10] .
Proposition 2.20. A loopless matroid is in C if and only if its pnc-flats form a chain.
Let P n be T n (U n−1,n ⊕ U n−1,n ), the truncation to rank n of the direct sum of two n-circuits. Thus, P n is the rank-n paving matroid whose only pnc-flats are two disjoint circuit-hyperplanes whose union is the ground set. The following result is from [10] .
Proposition 2.21.
A matroid is in C if and only if it has no P n -minor for any n ≥ 2. 
We will use the result below [9, Proposition 7.1.15] on minors of parallel connections.
The next result [9, Theorem 7.1.16] gives an important link between connectivity and parallel connection.
Proposition 2.24. Let M be a connected matroid with
x ∈ E(M ). If M/x = M 1 ⊕ M 2 , then M = P x M \E(M 2 ), M \E(M 1 ) ; furthermore, both M \E(M 2 ) and M \E(M 1 ) are connected.
THE EXCLUDED MINORS OF LATTICE PATH MATROIDS
The excluded minors of L are given in Theorem 3.1 and illustrated in Figure 1 . (All appeared in [2] .) That these matroids are not in L follows readily from Proposition 2.13; checking that their proper minors are in L is not difficult. Thus, we focus on proving that these are the only excluded minors.
We start with several points of notation. The free extension and coextension of M by e are denoted M + e and M × e, respectively. Besides the matroids P n in Proposition 2.21, a family of matroids that plays an important role in this work is P ′ n = P n−1 × e for n ≥ 3. Equivalently, P ′ n = T n P e (U n−1,n , U n−1,n ) , the truncation to rank n of the parallel connection of two n-circuits.
Theorem 3.1. A matroid is a lattice path matroid if and only if it has none of the following matroids as minors:
The excluded minors of lattice path matroids. Those in the top row are in infinite families of excluded minors.
(1)
) + x and its dual E n , for n ≥ 4, (4) the rank-3 wheel, W 3 , the rank-3 whirl, W 3 , and (5) the matroid R 3 and its dual R 4 (see Figure 1 ).
Note that A n is self-dual. The matroid C n+k,k is a paving matroid of rank n + k; its ground set can be partitioned into sets X, Y, Z with |X| = |Y | = n and |Z| = k so that the only nontrivial hyperplanes are X ∪ Y , X ∪ Z, and Y ∪ Z, two (or all, if n = k) of which are circuits. In E n , the element x is in a 2-circuit and E n \x = P ′ n Let E L be the set of excluded minors of L and let E be the set of those in items (1)- (5) 
We prove E L − E = ∅ in the subsections below. We first describe these subsections, thereby outlining the proof.
is in L; we show that unless some simple sufficient conditions are met,
has one of B n,2 , C 4,2 , E n , R 3 , or R 4 as a minor. (3.2) Using these results and duality, we show that for any M ∈ E L − E, the following minors are connected: M \x, M/x, and M \x/y for all x, y ∈ E(M ). Through duality, C n+2,2 and D n enter; the matroids A 3 , W 3 , and W 3 also arise. (3.3) We prove counterparts of Corollary 2.14 and the second part of Proposition 2.19 for any M ∈ E L − E. We show how the fundamental flats of M correspond to those of its single-element deletions and contractions. We also show that W 3 , W 3 , B n,k , and C n+k,k are the only excluded minors having three or more mutually incomparable fundamental flats. (3.4) Using the results proven in the first three subsections, we show that the properties in Proposition 2.13 hold for any M ∈ E L − E, which gives the contradiction 
Proof. For assertion (i), fix path orders e 1 < · · · < e m < x and x < f 1 < · · · < f n of M 1 and M 2 , respectively, with the corresponding interval presentations
Thus, x is the upper endpoint of J r1 and the lower endpoint of J
To prove assertion (ii), we first claim that x is in only one set in any interval presentation A of M 1 . If x is in a 2-circuit, then the claim follows from general considerations about transversal matroids; otherwise, all components of the disconnected matroid M 1 /x have positive rank, so the claim follows from Proposition 2.16. To get an interval presentation of the parallel extension of M 1 by y, insert y immediately after x in the path order of M 1 and adjoin y to the only interval in A that contains x.
The following corollary of the proof above can also be shown using Proposition 2.8. Proof. Fix a path order e 1 < e 2 < · · · < e n of M . Since cl(x) = {x}, both S 1 and S 2 are pnc-flats of M . Since S 1 ∪ S 2 = E(M ) and S 1 ∩ S 2 = {x}, the description of pnc-flats given in Propositions 2.10 and 2.13 implies that S 1 and S 2 are, in some order, [e 1 , x] and [x, e n ], so x is terminal in M |S 1 and M |S 2 .
Proof. If {x, y} is a circuit of M 1 , then since x is nonterminal in M 1 , it is nonterminal in M 1 \y. Thus, it suffices to prove the result when cl M1 (x) = {x}.
Assume M 1 /x is disconnected. Thus, M 1 is the parallel connection, at x, of two connected matroids, each of rank at least two since cl M1 (x) = {x}, so, by Proposition 2.23, M 1 has a P ′ 3 -minor with x in both 3-circuits. Now r(M 2 ) > 1, so P x (M 1 , M 2 ) has, as a minor, the parallel connection of three 3-circuits with the basepoint x; deleting x from this minor yields C 4,2 . Now assume M 1 /x is connected. Fix a path order of M 1 . If M 1 ∈ C and F 1 · · · F h are its fundamental flats, then F 1 ∪ E(M 1 ) − F h is its set of terminal elements. If M 1 ∈ C and F 1 · · · F h and G 1 · · · G k are its fundamental flats, then, by Proposition 2.12, its set of terminal elements is (
Thus, by symmetry, we may assume one of the following options holds: (a) x ∈ F i − F i−1 for some i with
Among all minors of M 1 that meet the following conditions, let N be one for which |E(N )| is minimal: (a) x ∈ E(N ), (b) N and N/x are connected, Figure 2 . To see this, first note that, by Corollary 3.3, since N/x is connected, x is in at least two intervals in the induced interval presentation A ′ of N . We may assume F If a 2 = x, then, since N is connected, either J 1 ∩ {a 2 , x} = {a 2 } or x is in at least three intervals; thus, by Proposition 2.8, x is in at least two intervals in the presentation of N/a 2 ; spanning circuits show that N/a 2 is connected; these conclusions contradict the minimality of |E(N )|, so a 2 = x. Thus x ∈ J 3 , so N/a 3 is connected and has x in at least two presentation intervals, which contradicts the minimality of |E(N )|. Now assume x ∈ F 1 ∩ G 1 . Among all minors of M 1 that meet the following conditions, let N be one for which |E(N )| is minimal: (a) x ∈ E(N ), (b) N and N/x are connected, (c) not all fundamental flats of N are comparable, and (d) x is in all fundamental flats of N . We claim that N is either P ′ n , for some n ≥ 4, or the simplification of R 4 . Let F (resp., G) be the smallest fundamental flat that contains the least (resp., greatest) element of E(N ). Property (d) implies that x is in all pnc-flats, so, by property (b), N has no 2-circuits. If r(F ) ≤ r(N )−2, then N/b, where b is the greatest element of E(N ), would contradict the minimality of |E(N )|, so F (and likewise G) is a hyperplane of N . If r(F ) = r(G) = 2, then N/x would be disconnected (note that F ∪ G = E(N )), so r(N ) ≥ 4. Since F and G are the only fundamental flats of N , by Proposition 2.13, the only possible pnc-flat of N besides F and G is F ∩ G. By Corollary 3.3 and Proposition 2.16, there is a spanning circuit C of N with x ∈ C. If F ∩ G were a pnc-flat, then F ∩ G ⊆ C and both N |F and N |G would be non-uniform nested matroids; it follows that N \y, for any y ∈ (F ∩G)−C, would contradict the minimality of |E(N )|. Thus, F and G are the only pnc-flats of N . Since N |F and N |G are uniform, by the minimality of |E(N )|, both F and G are circuits. Assume first |F ∩ G| = r(N ) − 2, so |F − G| = 2 = |G − F |. If r(N ) > 4, then N/y, for any y ∈ (F ∩ G) − x, would contradict the minimality of |E(N )|. Thus, r(N ) = 4 and N is the simplification of R 4 , with x in both 4-circuits; therefore any parallel connection using M 1 with x as the basepoint has an R 4 -minor. (To prepare for the next paragraph, note that the dual of this minor N is a line with four points, two of which are 2-circuits, and x is not in a 2-circuit.) Now assume |F ∩ G| < r(N ) − 2, so |F − G| ≥ 3 and |G − F | ≥ 3. The minimality of |E(N )| forces F ∩ G = {x}, so N = P ′ n for some n ≥ 4, with x being common to the two nonspanning circuits. In this case, any parallel connection using M 1 with x as the basepoint has an E n -minor for some n ≥ 4.
Finally, assume x ∈ F h ∪ G k . Using Proposition 2.19, it follows that x is in all fundamental flats of M * 1 . Therefore, by the results in the last paragraph, M 1 has, as a minor, either (a) a 4-point line with two 2-circuits, neither of which contains x or (b) the dual of P ′ n for some n ≥ 4, with x in neither circuit-hyperplane. It follows that any parallel connection using M 1 with x as the basepoint has, in the first case, a B 2,2 -minor and, in the second case, a B n,2 -minor with n ≥ 3.
Connectivity.
Recall that M ∈ E L − E if and only if M is an excluded minor of L that is not in items (1)- (5) Proof. We argue by contradiction. Assume M/x is disconnected. By Proposition 2.24, there are subsets
Corollary 3.7.
Matroids in E L − E have no 2-circuits and no 2-cocircuits.
Proof. Assume M \x/y is disconnected; we will get the contradiction that M is A 3 , W 3 , or W 3 . Since M \x is connected, M \x = P y (M |S 1 , M |S 2 ) for some proper subsets S 1 , S 2 of E(M ) − x where M |S 1 and M |S 2 are connected. Lemma 3.4 and Corollary 3.7 imply that y is terminal in M |S 1 and M |S 2 . Now M/y\x = (M |S 1 /y) ⊕ (M |S 2 /y) yet M/y is connected, so x ∈ cl M (S 1 ) ∪ cl M (S 2 ). Since M |S 1 and M |S 2 are connected and in L, and since y is terminal in both, some spanning circuits C 1 of M |S 1 and C 2 of M |S 2 contain y. Now |C 1 | ≥ 3 and |C 2 | ≥ 3 by Corollary 3.7. Since
would be a single-element extension, by x, of P y (M |C 1 /z, M |C 2 ); both C 1 − z and C 2 would be pnc-flats of M/z yet x ∈ (C 1 − z) ∪ C 2 , contrary to Corollary 2.15. Thus,
3.3. Fundamental flats. The following four lemmas enter into the proof of Lemma 3.13, which is a counterpart of Corollary 2.14.
Lemma 3.9. For a connected matroid M and connected deletion
Proof. The spanning circuit C of M \x that shows that F is a fundamental flat of M \x also shows that cl M (F ) is a fundamental flat of M . Proof. The first assertion is evident since cl M (F ) is either F or F ∪ x and x is not a loop. For the second, note that
which we assumed is connected. Thus, M |F ∪ x is connected, so F ∪ x is a pnc-flat. Proof. For the first part, we need to show that M |F/y is connected. Fix x ∈ E(M ) − F . Take a path order of M \x and the corresponding interval presentation A. By Lemma 3.8, M \x/y is connected, so y is either a terminal element or in at least two sets in A. Thus, y is in a spanning circuit of M |F by Corollary 2.18, so M |F/y is connected. For the second assertion, first assume F is reducible in M , so F = G ∩ H for some incomparable pnc-flats G and H of M . As just shown, G − y and H − y are pnc-flats of M/y, so their intersection, F − y, is reducible in M/y. Now assume F − y is reducible in M/y, so F − y = G ∩ H for some incomparable pnc-flats G and H of M/y. Since y ∈ cl M (F − y), by Lemma 3.10 both G ∪ y and H ∪ y are pnc-flats of M , so their intersection, F , is reducible.
The same argument proves the next lemma. 
Lemma 3.13. A pnc-flat F of M ∈ E L − E is fundamental if and only if it is irreducible.
Proof. Assume F is fundamental in M . Thus, M has a spanning circuit C so that F ∩ C is a basis of F . Fix y ∈ F ∩ C. By Lemma 3.11, F − y is a pnc-flat of M/y. Now C − y is a spanning circuit of M/y and (C − y) ∩ (F − y) is a basis of F − y in M/y, so F − y is a fundamental flat of M/y. Since M/y ∈ L, it follows that F − y is irreducible in M/y. Therefore, by Lemma 3.11, F is irreducible in M . Now assume F is irreducible in M . Fix y ∈ F . The irreducible pnc-flat F − y of M/y is fundamental by Corollary 2.14. By Proposition 2.10, we may assume the first element, e 1 , in a given path order of M/y is in F −y. Fix x ∈ F . Since the pnc-flat F −y of M/y\x contains e 1 , it is fundamental in M/y\x by Proposition 2.13. Thus, F − y is irreducible in M \x/y, so by Lemma 3.12, the pnc-flat F of M \x is irreducible and so fundamental. Thus, by Lemma 3.9, F is fundamental in M .
Proof. Let F be a fundamental flat of M . Thus, F is a cyclic flat of M , so E(M ) − F is a cyclic flat of M * . Fix y ∈ F . By Corollary 3.14, F − y is a fundamental flat of M/y. Since M/y ∈ L, using Proposition 2.19, E(M ) − F is a fundamental flat of (M/y) * , that is, M * \y. By Lemma 3.9, cl M * E(M ) − F , which is E(M ) − F , is a fundamental flat of M * . The other implication follows by duality. These results also yield a near-counterpart of property (ii) of Proposition 2.13.
Proof. The inequality holds since if y, z ∈ E(M )−(F ∪G), then M \z and its fundamental flats F and G would contradict property (ii) of Proposition 2.13. Similarly, property (ii) applied to M/x, for x ∈ F ∩ G, gives the second assertion.
We the next lemma follows easily from the perspective of irreducibility. Proof. To the contrary, assume F 1 , F 2 , F 3 are mutually incomparable fundamental flats of M . We will derive the contradiction M ∈ E. If F 1 , F 2 , and F 3 are mutually disjoint, we could work instead with M * , in which, by Lemma 3.15, the complements of these sets are (non-disjoint) fundamental flats. Thus, we may assume
give a matroid in L with three incomparable fundamental flats, which is impossible. Similarly, F 1 ∩ F 2 ∩ F 3 = ∅ by Corollary 3.14.
Assume |F 1 ∩ F 2 | = 1. The connected flat F 1 is not the union of the flat F 1 ∩ F 3 and the singleton F 1 ∩F 2 , so |F 1 −(F 2 ∪F 3 )| = 1 by Lemma 3.18. Similarly, |F 2 −(F 1 ∪F 3 )| = 1. These conclusions and Lemma 3.18 give |F 1 ∩ F 3 | = |F 2 ∩ F 3 | = 1, so F 1 , F 2 , and F 3 are 3-circuits. It follows that M is either W 3 or W 3 , contrary to M ∈ E. Assume |F i ∩ F j | ≥ 2 whenever {i, j, k} = {1, 2, 3}, so E(M ) = F i ∪ F j and
We claim that none of F 1 , F 2 , F 3 is properly contained in a fundamental flat, so none of them is properly contained in any pnc-flat. To see this, assume, for instance,
where F ′ 1 is a fundamental flat. Since F 1 ∪ F i = E(M ) for i ∈ {2, 3}, any inclusion between F ′ 1 and either F 2 or F 3 would give the contradiction that the larger is E(M ). Thus, F ′ 1 , F 2 , F 3 are mutually incomparable, so the arguments above apply to F ′ 1 , F 2 , F 3 ; however, this gives F
We claim that F 1 is a hyperplane. To see this, fix x ∈ F 2 ∩ F 3 . Both F 2 − x and F 3 − x are fundamental flats of M/x by Corollary 3.14. If F 1 were not a hyperplane, then cl M/x (F 1 ) would be a pnc-flat of M/x; furthermore, cl M/x (F 1 ) is not properly contained in any pnc-flat of M/x, so it would be a fundamental flat of M/x. However, M/x ∈ L cannot have three incomparable fundamental flats, so we may assume
actually is a hyperplane of M . By symmetry, F 2 and F 3 are also hyperplanes.
We claim that F 1 , F 2 , F 3 are the only pnc-flats of M . If such exists, consider a fundamental flat F ∈ {F 1 , F 2 , F 3 }. If F were incomparable to two of F 1 , F 2 , F 3 , say to F 2 and F 3 , then applying the arguments above to the triple F, F 2 , F 3 would give the contradiction F = E(M ) − (F 2 ∩ F 3 ) = F 1 . Thus, any fundamental flat (and so any pnc-flat) of M other than F 1 , F 2 , F 3 is a subset of two of these, so assume F
Therefore, by Corollary 2.17, for any x in a smallest fundamental flat in F 1 ∩ F 2 , both M |F 1 \x and M |F 2 \x are connected, so M \x would have three incomparable fundamental flats (F 1 − x, F 2 − x, and F 3 ), which is impossible since M \x ∈ L. Thus, F 1 , F 2 , F 3 are the only fundamental flats of M . To see that they are the only pnc-flats of M , note that if, say, F 1 ∩ F 2 were connected, then, by Corollary 2.17, for any x ∈ F 1 ∩ F 2 , both M |F 1 \x and M |F 2 \x would be connected, leading to the same contradiction. Thus, M |F 1 , M |F 2 , and M |F 3 are uniform matroids. Note that at least two of F 1 , F 2 , F 3 are circuits; indeed, if, say, F 1 and F 2 were not circuits, then, for any x ∈ F 1 ∩ F 2 , the sets F 1 − x, F 2 − x, and F 3 would be fundamental flats of M \x, which is impossible. It follows that M = C n,k where n and k are, respectively, the largest and smallest of Proof. Assume, to the contrary, M ∈ E L − E. We will derive the contradiction M ∈ L by showing that M satisfies properties (i)-(iv) in Proposition 2.13.
Not all fundamental flats of M are comparable, for otherwise M would have no other pnc-flats and Proposition 2.20 would give the contradiction M ∈ C. Fix a fundamental flat F of M . By Lemma 3.20, the fundamental flats of M that are incomparable to F form a chain, say G 1 G 2 · · · G k . Considering M/y with y ∈ F shows that the fundamental flats that contain F form a chain; considering M \x with x ∈ F shows that those that are contained in F form a chain; together, these give the chain of fundamental flats that are comparable to F , say F 1 F 2 · · · F h . Thus, property (i) of Proposition 2.13 holds. Note that no F i is comparable to any G j , for otherwise the same argument starting with F i would have the incomparable fundamental flats F and G j in the chain of those that are comparable to F i .
To prove property (ii), by Lemma 3.18 it suffices to show that having F i ∩ G j = {x} and E(M ) − (F i ∪ G j ) = {y} yields a contradiction. Since F i − x is connected in M/x, by Corollary 3.3 and Proposition 2.16 some spanning circuit C of F i contains x. If u ∈ F i − C, then, using Lemma 3.19, M \u with the fundamental flats F i − u and G j would contradict property (ii). It follows that F i , and likewise G j , is a circuit. We claim that both are also hyperplanes. If F i were not a hyperplane, then cl M (F i ∪ y) = E(M ), so there would be a z ∈ G j − cl M (F i ∪ y). Thus, y ∈ cl M (F i ∪ z). Thus, in M/z, the pncflats G j − z and cl M/z (F i ) would be incomparable and not disjoint, yet their union would contain all elements except y, contrary to Corollary 2.15. Since no pnc-flat is comparable to either F i or G j (they are circuit-hyperplanes) and since no three fundamental flats are incomparable, there are no other fundamental flats and so no other pnc-flats. Thus, y is in no pnc-flat and M \y = P ′ n , which gives the contradiction M = A n , so property (ii) holds. To prove properties (iii) and (iv), first note that since the fundamental flats of M form two chains, the other (i.e., reducible) pnc-flats are among the nonempty sets F i ∩ G j . First assume F i ∩ G j is a pnc-flat of M . Fix x ∈ F i ∩ G j . Now (F i ∩ G j ) − x is a pnc-flat of M/x; also, F i − x and G j − x are fundamental flats in M/x. Since M/x ∈ L, we have η(M/x) < η M/x (F i − x) + η M/x (G j − x), which gives η(M ) < η M (F i ) + η M (G j ). Property (iv) for F i and G j in M follows from this property for F i − x and G j − x in M/x. Now assume F i ∩ G j = ∅ and η(M ) < η(F i ) + η(G j ). Since F i ∪ G j = E(M ), this inequality can be recast as |F i ∪ G j | − r(F i ∪ G j ) < |F i | − r(F i ) + |G j | − r(G j ). Since F i ∩ G j = ∅, semimodularity gives r(F i ) + r(G j ) − r(F i ∪ G j ) ≥ 1. The last two inequalities give |F i ∩G j | ≥ 2. Fix x ∈ F i ∩G j . Now F i − x and G j − x are incomparable fundamental flats of M/x that are not disjoint; also, the assumed inequality about nullity gives η(M/x) < η M/x (F i − x) + η M/x (G j − x). Therefore (F i − x) ∩ (G j − x) is a pnc-flat of M/x, so either F i ∩ G j or (F i ∩ G j ) − x is a pnc-flat of M . If F i ∩ G j were not a pnc-flat of M , then the same argument using some y ∈ (F i ∩ G j ) − x would give both (F i ∩ G j ) − x and (F i ∩ G j ) − y being pnc-flats of M , which is impossible since both x and y would need to be isthmuses of M |F i ∩ G j for both sets to be flats. Thus, F i ∩ G j is a pnc-flat of M . The rank assertion follows as above. This completes the proof that M satisfies the properties in Proposition 2.13 and so, contrary to the assumption, M ∈ L.
